Renormalization of spin-rotation coupling 
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We study renormalization of inertial effects on an electron spin by taking account of the interband 
mixing on the basis of the kp perturbation theory. The crystal momentum is generalized to include 
a gauge potential arising from the mechanical rotation. The spin-rotation coupling is found to be 
renormalized in a different way from the Zeeman interaction. Using the renormalized spin-rotation 
coupling, we predict the enhancement of the frequency shift in electron spin resonance and the 
mechanical torque on an electron spin. 
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Introduction. — A variety of couplings of an electron 
spin with other degrees are enhanced in solids. The Zee- 
man interaction, the coupling of an electron spin and a 
magnetic field, is strongly modified by the interband mix- 
ing. The modulation of the electron g factor has been 
widely studied in semiconductors [1]. Spin manipulation 
by g factor engineering [2, 3] has attracted interest in the 
context of quantum information processing. Spin-orbit 
interaction (SOI), the coupling of electron spin and or- 
bital motion, is enhanced depending on the band struc- 
ture. Enhancement of SOI is responsible for the spin 
Hall effect which plays an important role in the conver- 
sion between charge and spin currents [4] in the field of 
spintronics[5, 6]. 

An electron spin also couples to mechanical rotation. 
In the presence of mechanical rotation with frequency 
O, the spin angular momentum ^cr couples to the ro- 
tation as Hs — ~\ (T • which is known as the spin- 
rotation coupling [7-9]. The quantum mechanical nature 
of the Barnett and Einstein-de Haas effects [10, 11] can 
be explained on the basis of the coupling [12]. The bare 
coupling of a spin and rotation is of great importance in 
neutron interferometry[13] as well as in tests of general 
relativity using spin precession in gravitational fields of 
rotating bo dies [14- 18]. 

Rapid progress in nanotechnology has allowed us to 
study the coupling of mechanical motion and nano- 
magnetic systems. Einstein-de Haas effect in a NiFe 
film on a microcantilever[19] and mechanical torque due 
to spin flip on a torsion oscillator [20] were observed in 
experiments. Theoretically, rotational doppler shifts in 
magnetic resonance [21] and effects of mechanical torque 
in nanostructures[22-29] are studied. These phenomena 
essentially rely on the spin-rotation coupling, H$. How- 
ever, the renormalization of the coupling arising from the 
electronic structures has not been considered so far. 

In this Letter, we theoretically investigate the renor- 
malization of inertial effects on spin in a solid using the 
k-p perturbation with the generalized crystal momentum 
due to mechanical rotation. It is shown that the me- 
chanically induced spin-orbit interaction, Darwin term 



and spin-rotation coupling are enhanced by the interband 
mixing of the conduction band and valence band states. 
The renormalized spin-rotation coupling is responsible 
for the enhancement of both the frequency shift in elec- 
tron spin resonance (ESR) and the mechanical torque in 
spin precession. 

Pauli-Schrodinger equation. — We start with the 
Hamiltonian for an electron in a rigidly accelerated frame 
in the presence of external electromagnetic fields [30]: 

H' = h qAo + ma • r — fi • r x ir + fisc ■ B 

2m 

-^o-.n+^o-.^xEO + ydivE', (1) 

where 7r = p — qA, and E' = E + 7^ a + (SI x r) x B. 
Here, the prime symbol indicates the values including 
inertial effects. The bare mass of an electron is m and 
charge q — — e, /ig = ehjlm is the Bohr magneton and 
7o = —elm is the electron charge-to-mass quotient, Ti 
is Planck's constant divided by 2-7T, (Aq,A) is the U(l) 
gauge potential, E and B are the electric and magnetic 
fields, respectively, a is the linear acceleration, and A = 
Ti 2 /Am 2 c 2 is the bare SOI with the speed of light c. 

The third and fourth terms in Eq. (1) are the inertial 
potentials due to linear acceleration and rotation respec- 
tively. In particular, the latter reproduces Coriolis, cen- 
trifugal and Euler forces. The fifth term is the Zeeman 
term and the sixth term represents the spin-rotation cou- 
pling. The last two terms in Eq. (1) are the SOI and the 
Darwin term augmented by the inertial effects. The SOI 
is responsible for spin current generation by mechanical 
means [30]. 

The Hamiltonian (1) can be rewritten as: 

H> = {P-gA'-famA/ftfrxE'} 2 + + 
2m 

(2) 

where A' = A-^flxr, A' = Ao-py^a-r+^divE'- 

f (O x r) 2 - ^^E' 2 , B' = B + 7 ( 7 1 fi. The first term 
indicates that the conventional momentum ir = p — qA, 



2 



which is given in an inertial frame in the presence of 
an external magnetic field, is replaced by tt' = p — qA' 
in the accelerated frame. Accordingly, the commutation 
relation of tt' reads 



tt' x tt' = iqKW x A' = iqh{B + B g ), 



(3) are given by T x 



where the gravitomagnetic field[31] is given by B g = 
27^ 1 H. H should be noted that the rotational effect on 
the U(l) gauge potential can be interpreted as an effec- 
tive magnetic field B g : 



A' 



1 



B g ) x r, 



(4) 



where we use the symmetric gauge, whereas the effect on 
the SU (2) scalar potential as 



Hb<t-B' = ^scr- (B + B g /2). 



(5) 



Renormalization of inertial effects. — Generally, most 
of physical parameters in the Hamiltonian derived in vac- 
uum are renormalized in a solid. In the inertial frame, 
it is well known that the k • p perturbation theory is 
an approximation scheme for such renormalization ef- 
fects in a crystalline solid by using the Bloch wave eigen- 
states. From Bloch's theorem, the eigenfunctions in a pe- 
riodic potential without magnetic field can be expressed 
as tp n ,k{ r ) = u ni k(r)e lk ' r , where u n ,k(r) has the period- 
icity of the crystal and n is the band index. The crystal 
momentum is Kk — p because of the translation symme- 
try of the Hamiltonian. In the presence of a magnetic 
field, the Hamiltonian is invariant under the magnetic 
translation group[32], and hence, the momentum is given 
by Kk = p — qA. Likewise, when a mechanical rotation 
fi is present, the crystal momentum should be defined as 
hk' = p qA'. 

From now on we consider how to renormalize the iner- 
tial effects on the basis of the k • p perturbation and the 
eight-band Kane model [33]. 

k ■ p perturbation in a rotating body. — We start with 
the 8x8 Kane model which includes the kp coupling be- 
tween the Tg conduction band and the T| and valence 
bands: 



He, 



Hq c q c H 6c8v H 6c7v 

TJl TJl JJl 

n %v(,c "■g.v&v ^Zvlv 

H-fvQc H 7vSv H 7v7v 



( {E c + V')h V3PT-k' 
V3PTt-k' (E V + V')I 4 



\ 



k' 



(E v - A + V')I 2 J 



(6) 



where V' = qA' , E c and E v are the conduction 
and valence band edges, respectively, Ao is the spin- 
orbit gap, P is the Kane momentum matrix element 
that describes the coupling of the s-likc conduction 
band and the p-like valence band states. Note that 



the conventional crystal momentum used in the k • 
p perturbation Kk = p <?A[1] is replaced by hk' , 
which includes the inertial effect due to the gravito- 
magnetic field B g . The matrices T = (T xl T y ,T z ) 

1 / -y/3 1 

3V2 y o 

4o i o \ V2/OIOO 
3V2 y 1 V3 / 3^0010 

and I4 are the unit matrices of sizes 2 and 4, respectively. 

The matrix H 8x8 is then reduced to an effective Hamil- 
tonian that depends only on the conduction band elec- 
tron states using a method similar to that used for the 
transformation of the Dirac equation of a four-spinor 
wave function into the Pauli-Schrodinger equation[l]. 
The Schrodingcr equation 



I V3 ' ,Ty 



and I2 



E* = H' 8x8 *, 



with * = (il>6c,'>p8v,'>p7v) T , reads 

(E - V')^ 6c = V3PT • k> 8 „ - ^J^^ 7v 



V3 



Eg 



Eg 



7v 



^0 



E — V 

E G + A V ' E G + A 
Inserting Eqs. (9) and (10) into (8), 



6c 

1 Pa ■ k' 



(7) 

(8) 
(9) 



V3 



Ac (10) 



T k 



,3P 2 / E-V ^- 1 
Eg~\ + E G 



+er-k' '—— 1H — erk' 

E G + A \ E G + A J 



Tt -k' 

E-V X- 1 



E G + A 
(E - V')^ 



6c 



(11) 



where E = E — E c and Eg — E c — E v . To ensure norm 
conservation, a renormalized two component wave func- 
tion tpQ C is sought that satisfies 



d 3 x 



'fit: 



(12) 



From Eqs. (9) and (10), the l.h.s. of Eq. (12) is 

3P 2 (T-k')(Tt -k') 



J d 3 x\V\ 2 ^J 



d 3 x 1 
P 2 (o--k')(<r-k') 



3(P G + A ) 2 



(>,: 



(13) 



Hence, we find 



^6c = 



1 + N 



6c 



with 



N _ 3P 2 (T-k ; )(Tt -k') P 2 (<t • k')(<r • k') 



2E% 



6(E G + A y 



(14) 



(15) 
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Inserting ip 6c w 1 — N 
equation of the conduction band: 

H'i> 6c = Eipec, 
where the Hamiltonian H' is given by 

1 

3 V E G E g -+ 



P 2 / 2 



ipse into Eq. (11), we obtain an 

(16) 

k' 2 + V 



+ 



eP 2 

3 
eP 2 



U 2 
er- / 2 



^)i-"-< k ' xk '» 

o--(k'xE') 



£ G + A 
1 



(E G + A ) 5 



TA^) divE ' 



Here, we use 



(<7-k')(<T-k') = k' 2 + i<7- (k' X k'), 



(17) 



(18) 



9(T • k')(T f • k') = 2k' 2 - in- • (k' x k'). (19) 

Thus, we obtain the total Hamiltonian for the conduction 
band including incrtial effects , 



H" 



h 2 k' 2 . / Sg\ _ „ . .h n 

+ q(X + S\ s )ct • (k' x E') + |(A + 5A D )divE'. (20) 



l 



= ± + 



Here, the effective mass m* is given by 

3^" ("Eg + E G +Ao 

) , and Sg, SX S , and <5A D are given by 



Sg = 
SXs = 



4mP 2 / 1 

p2 

3 



Eh 



-J—) 

E G + A /' 



P 2 /_2_ 
3 U 2 



+ 



(E G + A ) 
(Eg + A ) 2 J 



(21) 
(22) 
(23) 



The Zeeman term, SOI and Darwin terms in the ac- 
celerated frame are renormalized in the same way as 
those in an inertial frame[l, 33, 34]. On the other 
hand, the renormalization of the spin-rotation coupling 
is deferent from that of the Zeeman term as shown in 
Eq. (20). The difference comes from the fact that the 
SU(2) scalar potential in H', as shown in the second 
line of Eq. (17), is not proportional to that in Eq. (2); 
ifa ■ (k' x k') = <J ■ (B + B 9 ) ^ <t • (B + B g /2). 

Enhancement of mechanically induced anomalous 
velocity. — The fifth term in Eq. (20) implies that the 
conduction electron has the renormalized spin-dependent 
velocity given by 

V -i [r ,r]^ + ^M ff xE'. (24) 
in m* n 

Namely, the mechanically induced anomalous velocity in 
vacuum, (q\/h)cr x {7 ~ 1 a+ (f2 x r) x B}, is enhanced by 



(1 + S As /A) in the crystalline solids where the spin-orbit 
gap A ^ 0. 

Frequency shift due to rotation in ESR. — The third 
and forth terms in Eq. (20) can be rewritten as: 

l+|j M B(T-(B + AB) (25) 

where an effective magnetic field AB is defined by 

AB = — — — . (26 

2 + Sg 70 V ' 

In Ref. [21], the frequency shift of ESR due to rotation 
was pointed out as w^sr = w esr — ^ f° r an isotropic 
crystal. By taking account of the interband mixing, the 
shift reads 



w esr = w esr - (1 + Sg)fL. 



(27) 



Spin precession in a rotating body. — Let us consider 
effects of mechanical rotation on magnetization. The SOI 
is neglected for simplicity. From the commutation rela- 
tionship, the equation for spin precession in a rotating 
frame can be derived 

Q + Sq „ q + 2Sq U „ 



Because of the renormalized spin-rotation coupling, the 
torque term due to the mechanical rotation has the factor 
(g + 25g)/2. 

Discussions. — In the derivation above, we first include 
effects of rotation into the Hamiltonian in vacuum, and 
then apply the k-p perturbation with the crystal momen- 
tum k' = p qA' . Instead, if one started with the k • p- 
perturbed Hamiltonian, H* , and performed the unitary 
transformation U = cxp[iJt/h], with J = f2 (r x p+ |<r) 
being the generator of the rotation, one would obtain the 
Hamiltonian: H R = UH*W - ihU^- = H* - r x p • 
f2 — t|<t • O, where the spin-rotation coupling would not 
be renormalized, namely, the factor (g + 25g)/2 missing. 
This is because rotational effects to the off-diagonal ma- 
trix elements between the conduction and valence bands 
are not taken into account properly. 

The electron g factor in semiconductors has been 
widely investigated for low-dimensional semiconduc- 
tor nanostructures such as GaAs/ALjGai-a; and 
Gai-^In^As/InP heteropairs[35], and semiconductor 
quantum dots [36]. In Ref. 37, a very large g factor 
with an absolute value larger than 900 is predicted for 
InSbi_ s N s bulk material using the ten- band k • p model. 
For lightly doped n-InSb at low temperature, a g* w —49 
has been employed in a recent experiment [38]. In this 
case, enhancement of the spin-rotation coupling by two 
orders of magnitude might be possible and will be ob- 
served in experiment with a ultra high-speed rotor [39]. 

Conclusion. — We have investigated the renormaliza- 
tion of inertial effects on spin using the k • p perturba- 
tion theory. The generalized crystal momentum which 
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includes the gauge potential due to mechanical rotation 
has been introduced to the perturbation. The Hamilto- 
nian for conduction electrons in an accelerated body was 
derived from the 8x8 Kane Hamiltonian. The Zeeman, 
SOI and Darwin terms in the accelerated frame are renor- 
malized in the same way as those in an internal frame, 
while the renormalization of the spin-rotation interaction 
is different from that of the Zeeman term. The modu- 
lation of the mechanically induced anomalous velocity is 
obtained from the SOI. The renormalized spin-rotation 
coupling provides the enhancement of the frequency shift 
in ESR and the mechanical torque in spin precession due 
to the interband mixing. 
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